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A DESCRIPTION OF AUTOMORPHISM GROUP OF POWER GRAPHS
OF FINITE GROUPS
S. H. JAFARI
Abstract. The power graph of a group is the graph whose vertex set is the set of nontrivial
elements of group, two elements being adjacent if one is a power of the other. We introduce
some way for find the automorphism groups of some graphs. As an application We describe
the full automorphism group of the power graph of all finite groups. Also we obtain the full
automorphism group of power graph of abelian, homocyclic and nilpotent groups.
1. Introduction.
The directed power graph of a semigroup S was defined by Kelarev and Quinn [7] as
the digraph P(S) with vertex set S, in which there is an arc from x to y if and only if
x 6= y and y=xm for some positive integer m. Motivated by this, Chakrabarty et al. [6]
defined the (undirected) power graph P(S), in which distinct x and y are joined if one is
a power of the other. The concept of power graphs has been studied extensively by many
authors. For a list of references and the history of this topic, the reader is referred to [2, 5-10].
Let L be a graph. We denote V (L) and E(L) for vertices and edges of L, respectively. We
use a− b if a is adjacent to b. Also for a subgraph H of L and a∈V (H), we denote H−a for
the subgraph generated by V (H)−{a}. The (open) neighborhood N(a) of vertex a∈V (L) is
the set of vertices are adjacent to a. Also the closed neighborhood of a, N [a] is N(a) ∪ {a}.
Throughout this paper, all groups and graphs are finite and the following notation is used:
Aut(G) denotes the group of automorphisms of G; Zm the cyclic group of order m; Z
n
m the
direct product of n copies of Zm.
In this paper we describe the automorphism group of the power graph of finite group.
Also we obtain automorphism group of the power graph of abelian, and homocyclic groups.
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2. automorphism group of graphs
In this section we provide some ways for calculating automorphism groups of graphs. Let
L1, L2 be two graphs, a function f : (V (L1)∪E(L1)) −→ (V (L2)∪E(L2)) to V (L) is said an
isomorphism if f is bijective, f(V (L1))=f(V (L2)), f(E(L1))=f(E(L2)) and, x− y∈E(L1) if
and only if f(x)− f(y)∈E(L2).
We say a subset H of V (L) is anMEN -subset if it is maximal subset which any two elements
of H have equal closed neighborhood in L. We denote H by a for any a∈H . We define the
weighted graph L as follows.
Let V (L)={x|x∈V (L)}, weight(x)=|x|, and two vertices x, y are adjacent if x and y are
adjacent in L. Also in weighted graph any automorphism preserves the weight of each
element.
Theorem 2.1 ( [4] Theorem 2.2). For a graph L with |V (L)| <∞,
Aut(L)∼=Aut(L)⋉
∏
B∈V (L) S|B|.
Theorem 2.2. Let L=L1 ∪ L2 ∪ · · · ∪ Lt be a finite graph and L1∼=L2∼=· · ·∼=Lt. If
ϕ(Li)∈{L1, · · · , Lt} for all i∈{1, · · · , t} and ϕ∈Aut(L), then Aut(L)∼=Aut(L1) ≀ St.
Proof. We have Aut(L) act on A={V (L1), · · · , V (Lt)} and then there exist group homomor-
phism ψ : Aut(L) −→ SA such that ker(ψ)={ϕ|ϕ(Li)=Li for all i}. Consequently
ker(ψ)∼=Aut(L1)× · · · ×Aut(Lt).
Since L is finite, so there exists a totally partial order ≤ on V (L1). Assume that L1∼=fiLi for
i ≥ 2 and f1=IdL1. We consider fi(u) ≤ fi(v) if u ≤ v for all u, v∈V (L1). Thus we give a
totally partial order on each V (Li). Let H={ϕ ∈ Aut(L)|u ≤ v if and only if ϕ(u) ≤ ϕ(v)}.
We see that if ϕ∈H and ϕ(Li)=Li then ϕ is identity on Li. Let x be the minimum element of
V (L1) and B={fi(x)|1 ≤ i ≤ t}. Thus each element of H is induced an bijection function on
B. Also for any bijection function σ on B, the function ϕ by definition ϕ(u)=fj((fi)
−1(u)),
whence u∈V (Li) and σ(fi(x))=fj(x) is an automorphism of L. But ker(ψ) ∩ H is trivial,
consequently |Aut(L)| ≥ |H||ker(ψ)|. On the other hand |Aut(L)/ker(ψ)| ≤ |St|, which
completes the proof. 
3. the automorphism group of power graph of finite groups
In this section we describe the automorphism group of finite groups, directed product of
some groups and nilpotent groups.
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By using Theorem 2.1 we have the following which is same to main result of M. Feng, X.
Ma and K. Wang in 2016.
Theorem 3.1. For a finite group G,
Aut(P(G))∼=Aut(P(G))⋉
∏
x∈V (P(G)) S|x|.
For the cyclic subgroup 〈a〉 of the group G, the subset {ai|(i, o(a))=1} of G, is denoted
by gen(〈a〉).
We will use the following.
Lemma 3.2 ([3], Proposition 2.8). Let G be a finite group and a∈G. If |CG(a)| is not prime
power then gen(〈a〉) is an MEN-subset.
Lemma 3.3 ([3],Proposition 2.9). Let 〈a〉 be a maximal cyclic subgroup of finite group G.
If CG(a) 6= 〈a〉 then gen(〈b〉) is an MEN-subset for any b∈〈a〉.
Lemma 3.4 ([3],Theorem 2.10). Let G be a finite group. Then K ⊆ G is an MEN-subset
if and only if K satisfies in one of the following conditions:
(1) K = 〈a〉 − 〈ap
t
〉 where o(a) = pn, 1 < t ≤ n, N [ap
t−1
] = 〈a〉 and N [ap
t
] 6= 〈a〉.
(2) K = gen(〈a〉) for some a ∈ G.
Let xM is an element of maximum order in x. By Lemmas 3.2, 3.3 and 3.4, we have the
following.
Corollary 3.5. Let G be a finite group and x ∈ G. Then o(xM) = 1+
∑
a∈N(xM ),|a|≤|xM |
|a|.
Theorem 3.6. Let G = H ×K and (|H|, |K|) = 1 then
Aut(P(G)) = Aut(P(H))× Aut(P(K)).
Proof. Let H,K are nontrivial groups, (a, b)∈G and ϕ∈Aut(P(G)). Then CG(a, b)=CH(a)×
CK(b) and, |CG(a, b)| is not a prime power. Thus by Lemma 3.2 and Corollary 3.5, ϕ is
preserving the order of each element of G. Therefore ϕ(H)=H,ϕ(K)=K. Assume that
ϕ(a)=a1, ϕ(b)=b1, we have o(ϕ(a, b))=o(a, b) and a1, b1∈〈ϕ(a, b)〉. But exactly subgroup of
order o(a)o(b) containing a1 and b1 is 〈(a1, b1)〉. We deduce that ϕ(a, b)=(a1, b1). Therefore
Aut(P(G))∼=Aut(P˜(H))×Aut(P˜(K)) where P˜(H) is the set ofMEN -set of P(G) contained
in H . But each element of P(H) is same to an element of P˜(H), or union of some elements of
P˜(H). By Lemma 3.4, we can assume that xH = x1∪· · ·∪xt where o(x1) < · · · < o(xt) = o(x)
and NH [x1] = · · · = NH [xt] = NH [x]. Since we can consider these points as one point in
P˜(H), hence the desired result follows.

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A direct result of above theorem is for nilpotent groups as following.
Theorem 3.7. Assume that G be a nilpotent finite group and, G = P1 × · · · × Pt where Pi
is sylow subgroup of G. Then
Aut(P(G))=(Aut(P(P1))× · · · × Aut(P(Pt)))⋉
∏
B∈V (P(G)) S|B|.
Now we find the automorphism group of power graph of cyclic group when n is not prime
power, which is same to [5].
Corollary 3.8. Let G be a cyclic group of order n where n is not prime power. Then
Aut(P(G))∼=
∏
d|n,d>1 SΦ(d), whence φ is Euler-function.
Proof. Since |C(x)| is not prime power for all x∈G, by Lemma 3.3, |a|=φ(o(a)). So
Aut(P(G))=(Aut(P(P1))× · · · ×Aut(P(Pt)))⋉
∏
d|n,d>1 SΦ(d).
But any sylow subgroup of G is cyclic, and |Pi| = 1, as desired. 
4. abelian groups
In this section we certainly calculate the automorphism group of power graph of homo-
cyclic and abelian finite groups.
Let G be a finite abelian p-group and x a nontrivial element of G. The height of x, denoted
by height(x), is the largest power pn of the prime p such that x∈Gp
n
. A non-cyclic group
G said a homocyclic group if G be a directed product of some copes of cyclic group of order
pm for some integer m.
We begin by a famous theorem in group theory which is played main rule in this section.
Theorem 4.1. Let G be a finite abelian group and a be an element of G where o(a)=exp(G).
Then there exist a subgroup H of G such that G=〈a〉×H
Lemma 4.2. Let G be a homocyclic group. Then Aut(G), the automorphism group of G,
acts transitively on the set of elements with equal orders.
Proof. Let G∼=Znpm and a, b be two elements of order p
t. Since G is homocyclic,
height(a)=height(b)=pm−t. So there exist x, y∈G such that xp
m−t
=a and yp
m−t
=b. By
Theorem 4.1, there exist subgroups H1, H2 such that G=〈x〉 × H1=〈y〉 × H2. From which
H1∼=H2∼=Z
n−1
pm . Assume that H1
∼=ϕH2. Now ψ by definition ψ(x
ih)=yiϕ(h) where h∈H1 and
0 ≤ i ≤ pm, is an automorphism of G and ψ(a)=b, as required. 
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Theorem 4.3. For G∼=Znpm,
Aut(P(G))=((· · · (Skm ≀ · · · ) ≀ Sk2) ≀ Sk1)⋉ (
∏m
i=1 S
ri
(pi−pi−1)
),
where rt=(p
tn − p(t−1)n)/(pt − pt−1), k1=r1 and ki+1=ri+1/ri.
Proof. By Theorem 2.1, Aut(P(G))∼=Aut(P(G)) ⋉
∏
B∈V (P(G)) S|B|. Since G is non-cyclic
abelian group, by Lemma 3.2, |a|=pt − pt−1, where o(a)=pt.
Set Rt={x|o(x)=p
t} and rt=|Rt|. We know that G has exactly p
tn−p(t−1)n elements of order
pt, thus rt=(p
tn − p(t−1)n)/(pt − pt−1). From which the second part of semi-directed product
of theorem has been found.
Now we want to find the first part of that product.
In a p-group, two elements a, b are in one connected components of P(G) if and only if
〈a〉 ∩ 〈b〉 6= {1}. So P(G) has exactly r1 connected components. On the other hand by
Lemma 4.2, Aut(G), and so Aut(P(G)) acts transitively on the set of elements of order p.
Thus Aut(P(G)) acts transitively on R1. Consequently all connected components of P(G)
are isomorphic. By Theorem 2.2, Aut(P(G))=Aut(K1) ≀Sr1 where K1 be a one of connected
components of P(G). But there is only one element, say a1, in V (K1) with properties
|a|=p−1 and N [a1]=V (K1), from which Aut(K1)=Aut(K1−a1). Now two elements a, b are
in one connected components of K1 − a1 if and only if 〈a〉 ∩ 〈b〉 6= 〈a1〉. Since all connected
components of P(G) are isomorphic and Aut(P(G)) acts transitively on R2, then K1−a1 has
exactly k2=r2/r1 isomorphic connected components. It follows that Aut(K1)∼=Aut(K2) ≀ Sk2
whence K2 be a connected component of K1 − a1.
By following this process the proof is completed.

Let G be a finite p-group and exp(G)=pn. Set Ωt(G)={x|x
pt=1} and,
Ht(G)={x∈G|o(x)=p, height(x)=p
t−1}.
Lemma 4.4. Let G be an abelian p-group and x is an element of order p. Then there is an
element a and subgroup L of G such that G=〈a〉×L and x ∈ 〈a〉.
Proof. Since G is abelian, then G∼=G1 × . . . × Gk where G1, . . . , Gk are non-isomorphic
homocyclic groups. Assume that exp(Gi)=p
ni and pn1 < · · · < pnt . Then x=(x1, . . . , xk)∈G
has order p if and only ifmax{o(xi)|i∈{1, . . . , k}}=p. Also height(x)∈{p
n1−1, . . . , pnt−1} and,
x∈Hnt(G) if and only if x1=x2=· · ·=xt−1=1 and o(xt)=p. Assume that a=(a1, . . . , ak)∈G
and ap
nt−1=x.
Therefore o(at)=p
nt. By Theorem 4.1, there is a subgroup K such that Gt=〈at〉 × K and
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then G=〈at〉 × G1 × · · · × Gt−1 × K × Gt+1 × · · · × Gk. So there is a subgroup L with
G=〈at〉 × L. But a1, . . . , at−1, at+1, . . . , ak ∈ L and o(a) = o(at), thus G=〈a〉 × L. 
Corollary 4.5. Let G be an abelian p-group. Then Aut(G), the automorphism group of G,
acts transitively on Ht(G) when Ht is a nonempty set.
Lemma 4.6. Let G be an abelian p-group and b∈G be a nontrivial element of height pt.
Then Aut(P(NG(b)−{x|x∈〈b〉})), acts transitively on the set of elements of order po(b) with
equal heights in NG(b)− 〈b〉 .
Proof. Let K=〈NG(b)〉, a
pt=b and o(a)=pto(b). Since o(a)=exp(K), there is a subgroup L
such that K=L×〈a〉. Suppose (x, y)∈NG(b)−〈b〉 and (x, y)
n=(1, b). Then xn=1 and yn=b
and consequently o(x)|pt. So there are non-isomorphic homocyclic subgroups L1, . . . , Lm such
that exp(L1)<. . .<exp(Lm−1)< p
t and, Lm=1 or exp(Lm)=p
t, and L=L1×· · ·×Lm−1×L
p
m.
Set M=L1 × · · · ×Lm. Two elements u=(x1, . . . , xm, x) and v=(y1, . . . , ym, y) of order po(b)
in N(b) have equal heights if and only if o(x)=o(y)=po(b),
max{o(x1), . . . , o(xm), o(y1), . . . , o(ym)}|p
and,
min{i|xi 6= 1, 1 ≤ i ≤ m− 1}=min{i|yi 6= 1, 1 ≤ i ≤ m− 1}.
we consider two cases.
Case 1. u, v∈Hexp(Li) for some i < m. By the proof of Lemma 4.5, Aut(M) has ele-
ment ϕ such that ϕ(x1, . . . , xm)=(y1, . . . , ym) and ϕ is identity on Lm. Thus ψ by definition
ψ(g, ai)=(ϕ(g), aij) when xj=y, is a group automorphism and, ϕ(N(b)− 〈b〉) = N(b) − 〈b〉,
as required.
Case 2. Let x1=. . .=xm−1=y1=. . .=ym−1=1. Then height(u)=height(v)=height(x)=p
t−1
and there exist c∈Lm × 〈a〉 such that o(c)=o(a), u∈〈c〉. Thus M=L × 〈c〉 and, there is
ψ∈Aut(G) such that ψ(a)=c. Consequently, ψ(x)=u completes the proof.

For x∈G, set x̂=NG(x)− 〈x〉.
Corollary 4.7. By the hypothesis of last Lemma,
Aut(̂b)=(Aut((̂x1, c)) ≀ Sk1)× . . .× (Aut(
̂(xm−1, c)) ≀ Skm−1)× (Aut(ĉ) ≀ Skm),
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where xi∈Hsi(Ωt+1(L)), ki=|Hsi(Ωt+1(L))|, km=p
r, si=exp(Li), r is the number of direct
factor of Lm and, c is an element of order po(b) in 〈a〉.
Proof. Since b̂ is not connected and any component has an unique element u of order po(b),
by Lemmas 2.2, 4.6, the result follows. 
Corollary 4.8. Let G be abelian p-group then
Aut(P(G))=
∏
Ht(G)6=φ
(Aut( ̂α(Ht(G))) ≀ S(|Ht(G)|−1)/(p−1))
where α(K) is an element of prime order in K.
Combining Theorems 3.1, 3.7 and Corollaries 4.7, 4.8, automorphism group of power graph
of any abelian groups can be computed.
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